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Abstract :
In the paper [ 2], we introduced a multistep method for solving the initial

value problem :

v =f(x y), y(z,) =y, stepsize=h, 0.1)

using the idea of quadrature formulas as in [ 1], for the corrector we use the
later part of the formulas, which Prof. W.D. Milne used for the corrector of the
starting values.

But, we did not show the algorithm to solve (0.1). So, we want to show that

in detail. Next, we renew the predictor for the sake of the accuracy.

1. The new predictor of seven—point formulas

By Taylor’s expansion, we have

(jh)* (jhy® (jh)*

. (jh )’ (jh)°
yn+] yn ] y 2 y 6 yn 24 yn 120 n 720 n
(jh)’ (7h)® .
Wyn(7)+myn(8)+' --(j=-3,-2,-1,1, 2 3), (1.1
. (ih)* 4y, (Gh)* ) iR (ih)° (ih)°
= Yatihy+——— + + 5y (6) )
y + y 2 y 2 yn 6 yn 24 yn 120 n 720 n
(in) .
et T (i==3,-2,-1,1, 2, 3). (1.2)

Setting j= 3 in (1.1), and adding (1.2) Xa;h (i=-—6, —5 —4, —3, —2, —1),

we obtain the following equation :
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2

—1 —1 . 3 —1
Yoot 3 aUih=u, A3+ B a) gt ( S+ B ia)y;

2 i
+}§ <%3~+i§6 i2ai>y,f3>+%4 <—:§+i:—2‘6 iSai>y,f“
+—§;— <~§+i§6 i4ai>y,55)+~1%66 <—36(i+i§é6 i5ai>y,f“

Setting zero the coefficients of y*’ (k=2 7) at the equation above, we obtain

the following equation :

AX=b, (1.4)
where
—6 -5 —4 -3 -2 -1
36 25 16 9 4 1
—216 —125 —64 27 -8 -1

1296 625 236 81 16 1
—=T7776 —3125 —1024 —243 —-32 -1
46656 15625 4096 729 64 1

X is the unknown six dimentional vector, and

<_9 27 81 243 729 _2187)‘
2’ 3 4 5 6 T

Solving this equation (1.4), we obtain the following equation :

h
Ypirs =Y, +m (43021 y, ¢—293112y, 5+847881y, ,— 1341824y, _,+1239111y,_,

103437 o s

1.5
4480 " (1.5)

—646920y,_,+ 158563y, ) +

For the sake of the comparison with our old formulas, we rewrite our correc-
tor formulas and predictor formula at [2].

The correctors:

h
y,l_,szy,,—?mfo' (685y, 3+3240y,_,+1161y,_,+2176y,
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9
—729y;.,+216y,.,— 29yn+3>—%h8 ®)

h
= —_— 7 + _,+4863y,_,+1328y,
Yo=Y, — 3780 (—37y,—3+1398y,_, Yn—1 Yn

+ L,
+33yn+l 30yn+2 5yn+3) 756 Y

h
-15Y (271y;-3—2760y,-,+30819yy_, +37504 y,

60480
— 6771y, +1608y,,,— 191y, 4) + 120960 Ry,
L ——— (—191Yy., 4+ 1608y, _,— 6771y, +37504
yn+l 60480 yn 3 yn 2 yn 1 yn
191
+30819Y..,— 2760y, s+ 2714 ss) — 20060 — ny®,
h — (5y,_s—30y._,+33y,_,+1328y,
yn+2 3780 yn 3 yﬂ—Z yn—l yn
h8
+4863;.1 13984, —8T5) T w,
h (—29y. 4216y, _,—T129Yy._,+2176Y.
yn+3 2240 yn 3 yn 2 yn-—l yn

9
+1161y,m+3240y,,H+685y,,+3)——8—9—6-h8 &),

The predictor:

h
Yprs=Y, E(286y,’,‘3—2010y,’,‘2+6054y,’,“1—9836y,’,+11514y,;+1

78
—5622y,,+2+3394yn+3)+-——h8 &),

945
The new predictor of six—point formulas
Using Taylor’s expansion, we have
. (jh)? (jh)° 5y (G (jh)°

e =Y+ R Yy + " )+ y+ y’

(Jh)° 6y, GR)

+ y O+ +- j=—3,—2, —
720 Y 5040 Y, (J 3,-2,—1, 1, 2),

(1.6.1

(1.6.2)

(1.6.3)

(1.6.4)

(1.6.5)

(1.6.6)

(1.7

2.



Yutaka Inamasu - Yasuhiro Kaneko - Hiroki YANAGIWARA

(ih)*

) (ih)? (ih)*
! =YL Hihyl y 4 Y+ (5)
Ynsi= 1 Y 5 Un e Y on U
(ih)? (ih)*
+ y'® + y V4 (=3, -2, -1, 1, 2). (2.2)
120 720

Setting j=2 at (2.1), and adding (2.2) XhXa, (i=-5 —4, —3, —2, —1) we
have :

-1 —1 92 -1
yn+2+_§_ a; Y ih =Y, +h (2+.;5 ai)yrH'hz <‘E‘+,_28 iaz‘)?f':

A ht ot 2
+ <___+ 2 > (3)+_<__ 3 > ()
2 3 l_:z_s 1a; )Y, 6 4 +zz 1a; |y,

h5 25 -1 hﬁ 6 —1
+— <?+ 3 i4a,~>y,f5)+— <2—+ i5ai>y,56)
i=-—5 5

24 120 \ 6 =
W ol i
R e <—+ oy
720 \ 7 o)+ @.3)

Setting zero the coefficients of y,f") (=2, 6), we have the following equation :

AX=b, (2.4
where
—5 —4 -3 -2 -1
25 16 9 4 1
A= —125 —64 27 -8 -1

625 256 81 16 1
—3126 —1024 —-243 —-32 —1

X is the unknown five dimentional vector, and

b_<4 8 16 32 64)’
2° 3 4’ 5 6

Solving this equation (2.4), we obtain the following equation :

h , , , 13613 ; (o)
yn+2=y2+%(-297 y,_s+1754y, ,—4286y;, s+5514y, ,+388ly, ,+1376y,) +W h'y,

(2.5)

For the sake of the comparison with our old formulas, we rewrite our correc-

tor formulas and predictor formula at [ 2 ].
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The correctors:

—— (51y,3+219y, ,+ 114y, + 114y, —21 y; 1 +3Yy)

bmsT% " 60

29 . .
+——hy 2.6.1
2240 ( )

h
hr =Ygy (—yp_s+34y, ,+114y, ,+34y,— yp.,) —ﬁ Ry”, (2.5.2)

Yp1 =Yp— (11y,-3—93y,_,+802y,_,+802y,—93y,., +11y,.,)

h
1440

191
+ 50180 Ry, (2.6.3)

h
Ypi1=Y,+ 1440 (—11y,— 3+ 77y, —258y,_,+1022y, +637y/,, — 2T y,+2)

271
+—6048O hy,"”, (2.6.4)

Yor2 =Y T ( Yns—6Yy,nt 14y, +14y,+129y,,,+284,.0)

_ 37 h7y(7)

3780 Y (2.6.5)

The predictor :

h
yn+3:yn+m (—51y,-3+309y,_,— 786y, ,+1134 Y,— 651y, +5259,,,)

137
+mh7y,f7). (27)
The new predictor of five-point formulas
Using Taylor’s expansion, we have
. (jh)? (7h)* 5 G (jh)°
= Yo T R Y - + “ ok
y+] Y my 2 Yy 6 yn 24 n 120 n
(7h)° .
o Ut (=—2.-1 1, 2), 3.1)
. (ih)? (3) (in)? (ih)* (ih)°
'/l = 7/1_1_ h ;l/_’_ Rkt (4) (5) (6)
Ynei= Yo T RY + =1, 6 Y +24 Y +——120 Yn
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4 (1==2,-1, 1, 2). (3.2)

Setting j=2 at (3.1), and adding (3.2) Xk Xa, (i=—4, —3, —2, —1), we have:

~1 -1 22
bt B ayih=y+h(24 T aynt (4 B e )ul
i=— i=—4 i=—4

4

hor2t o d 2 = \
o <—~+ > izai>y,§3)+— (—2—+ P iaai>y,f“
i=—14

3 it 6 4
B2 4 s h 96 1
+-— <~—+ » > (5) 4 <___+_ 5 > G
24 5 124 lal yn 120 6 i__;4 Za1 yn + (33)

Setting zero the coefficients of y,f“ (=2, 5), we have the equation.
AX=b, (3.4)

where

—64 —27 -8 —1
256 81 16 1

Solving this equation (3.4), we obtain the following equation :

h 33
y,,+2:y,,+af(269y,’,,4*1316y,’1_3+2544y,',-2v2369y,’H+1079y,’,)+—16‘h6yn(6). (3.5)
For the sake of the comparison with our old formulas, we rewrite the correc-

tor formulas and the predictor formula at [ 2 ].

The correctors:

h 1

) (29y,’,_z+124y;--1+24y,’,+4y,’,+1—y;”)—f%hsy,f“, (3.6.1)
h ’ ’ ’ ’ ’ 11 6 (6)

Y1 =Y — 720 (—‘191/71724_346:"171—1~'}_4¢56yn—74yn-ﬂ_*_11yrﬁrZ)+ 1440 hyn , (362}
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h ’ ’ ’ ’ ’ 11 6, (6)
Yps1=Y, T 790 (11y,-y— T4y, +456 4, +346 Y., —19Yn ) — 1440 Yy, (3.6.3)

h 1
Yo=Yt g (= Gaa H Y F 20y, 12400+ 29000) — Ry ®, (3.6.4)
The predictor :

h 51
Yo=Yt g (27050~ 1384543124, 198y, +28Ty) + o A, 3.7

4. The algorithms by our formulas

We explain the algorithm of our formulas for the each cases

(a) the seven—point formulas

(1) Setting eps= 10 %, where %k depends to the step—size h, we use this

value for the check of the convergence.

(2) By the Runge-Kutta Method, we get 3", %, ¥’ %, ¥, and . Then,

using the given differential equation, we have y’? (i=-—3, 3) (G+#0).

(3) By (1.5.1) to (1.5.6), we correct ° (i=-—3, 3) (i#0) toy, (i=-3, 3)

(i#0), till these values converge.

(4) When y;, and y; (i=n, n—1, n—2,...) are decided, we write y, by
YOD, y, by DYOD, y,_, by YMKD (=1, 2,...), y,_, by DYMkD (k=1, 2,...),
Y,+; by Y1C, y,., by DylC, y,,, by Y2CP, and y,,, by DY2CP.

(5) By the predictor (1.5), we have y,.,, which is written by Y3P. Next,

from the given differential equation, we get y,.;, which we show by DY3P.

(6) By (1.6.4), (1.6.5), and (1.6.6), we correct y,., (=1, 3). Then, we
have vy,,, (=1, 3) by the given differential equation. We write y,., and ¥,.,
(=1, 3) by YkC1 and DYkCl (=1, 3) respectively.

(6.1) If |[YIC1—YIC|<eps, |Y2C1—Y2CP|<eps, and | Y3Cl1— Y3P| <eps, then
we make twise the step size A, if we forward ten steps after the change of
stepsize. (Go to (8).)

If we do not forward ten steps, then we decide y,,,. Then, we renumber y,

and y, (k=n+1,n n—1,...) to y, and y;, (k=n, n—1, n—2,...). Next, repeat
(4) to (6).

(6.2) Otherwise, by (1.6.4), (1.6.5), and (1.6.6), we correct y,,, (=1, 3).

Then, we have y,., (=1, 3) by the given differential equation. We write y,,, and
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Yner (k=1, 3) by YkC2 and DYkC2 (=1, 3) respectively.

(6.2.1) If |YIC1—YIC2|<eps, |Y2C1—Y2C2|<eps, and |Y3Cl—Y3C2|<eps,
then we decide y,.,. Next, we renumber y, and y, (k=n+1,n n—1,...) to y, and
Yy, (k=n, n—1,n—2,...). Then, repeat (4) to (6).

(6.2.2) Otherwise, by (1.6.4), (1.6.5), and (1.6.6), we correct y,,, (=1, 3).
Then, we have y,., (=1, 3) by the given differential equation. We write y,., and
Ynor (R=1, 3) by YkC3 and DYkC3 (k=1, 3) respectively.

(6.2.3) If |Y1C2—-Y1C3|<eps, |Y2C2—Y2C3|<eps, and |Y3C2—Y3C3| <eps,
then we decide y,.,. And, we renumber y, and y, (Rk=n+1, n, n—1,...) to y, and
Yo (k=mn, n—1, n—2,...). Then, repeat (4) to (6).

(6.2.4) Otherwise, we separate the stepsize h half, if we forward ten steps
after the change of the step size. (Go to (7)) If we do not forward ten steps
after the change of the stepsize, we repeat till y,,, congerge. Then, we decide y,.,.
Next, we renumber y, and y, (k=n+1,n n—1,...) to y, and y, (k=n, n—1,
n—2,...). Then, repeat (4) to (6).

(7) In (6.2.4), if we need, we make half the stepsize h, by the following

formula :

75

125 75
= (y+y) ——— (y_,+1) +—— (y_+u). 4.1
%= 108 (Yt+y,) 1280 (y_,+y,) 6100 (Y_+us) 4.1

We renumber ¥, ¥,_y Yp-1» Ypo1-4 Yz and ¥, ,,; to 4, (k=2,1,0, —1, —2, —3).
Then, we correct ¥, 5 Y,—;, and y,., by (1.6.1), (1.6.3), and (1.6.4) respectively,

till these values converge. Next, repeat (4) to (6 ).

(8) In (6.1), if we need, we make twice the stepsize. We renumber y,
(k=n—1T,n—-5 n—3, n—1, n+1, n+3) toy, (k= (-3, 2)). Then, we repeat (4)
to (6).

(b) the six—point formulas

(1) Setting eps:10’k, where k& depends to the step—size h,we use this value

for the check of the convergence.

(2) By the Runge-Kutta Method, we get 3’ 3%, ¥ ., 4, and y. Then, using
the given differential equation, we have y’} (i=-3, 2) (G#0).

(3) By (2.5.1) to (2.5.5), we correct ¢ (i=—3, 2) (i#0) to y({@=-3, 2)

(i #0), till these values converge.

(4) When y, and y/ (i=n n—1, n—2,...) are decided, we write y, by

—102—



ON A MULTISTEP METHOD I

YOD, y, by DYOD, y,_, by YMkD (¢=1, 2,...), y,—, by DYMkKD (k=1, 2o )y Ypa
by YIC, and y,,, by DYI1C.

(5) By the predictor (2.5), we have y,,,, which is written by Y2P. Next,

from the given differential equation, we get y,.,, which we show by DY2P.

(6) By (2.6.4), and (2.6.5), we correct y,,, (=1, 2). Then, we have ¥y,
(k=1, 2) by the given differential equation. We write y,,, and y,., (=1, 2) by
Y&C1 and DYRC1 (=1, 2) respectively.

(6.1) If |YIC1—YIC|<eps and |Y2Cl1—Y2CP|<eps, then we make twise the
step size h. If we forward ten steps after the change of stepsize, we go to (8).

If we do not forward ten steps, then we decide y,,,. Then, we renumber y,
and y;, (k=n+1,n n—1,...) to y, and y, (k=n n—1, n—2,...). Next, repeat
(4) to (6).

(6.2) Otherwise, by (2.6.4) and (2.6.5), we correct y,,, (=1, 2). Then,
we have y,,., (=1, 2) by the given differential equation. We write y,,, and y,,
(k=1, 2) by YkC2 and DYkC2 (=1, 2) respectively.

(6.2.1) If |YIC1—YI1C2|<eps and |Y2Cl1—Y2C2|<eps, then we decide y,.,.
Next, we renumber y, and y, (R=n+1, n, n—1,...) to y, and y, (k=n, n—1,
n—2,...). Then, repeat (4) to (6).

(6.2.2) Otherwise, by (2.6.4) and (2.6.5), we correct y,,, (=1, 2). Then,
we have y,., (=1, 2) by the given differential equation. We write y,,, and y,.,
(=1, 2) by YRC3 and DYRC3 (k=1, 2) respectively.

(6.2.3) If |Y1C2—Y1C3|<eps and |Y2C2—Y2C3|<eps, then we decide y,,,
Next, we renumber y, and y, (k=n+1, n, n—1,...) to y, and y, (k=n, n—1,
n—2,...). Then, repeat (4) to (6).

(6.2.4) Otherwise, we separate the stepsize A half, if we forward ten steps
after the change of the step size. We go to (7). If we do not forward ten steps
after the change of the stepsize, we repeat till y,,, converge. Then, we decide y,.,.
 Next, we renumber Y, and y, (k=n+1, n n—1,...) to y, and y; (k=n, n—1,
n—2,...). Then, repeat (4) to (6).

(7) In (6.2.4), if we need, we make half the stepsize h. We get Yussr Ynys
and y,_,.,, by the following formula:

75 125 75
—_— + S — _—
%= 178 (htuy) 580 (y_1+y2)+6400 (y_,+us). 4.1

We renumber 4., Y, Yp—y» Y-y, and g, to y,(R=1,0, —1, —2, —3). Then, we
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correct Y,_s, Y,-,, and y,,, by (2.6.1), (2.6.3), and (2.5.4) respectively, till these

values converge. Next, repeat (4) to (6).

(8) In (6.1), if we need, we make twice the stepsize. We renumber Yy
(k=n—6, n—4, n—2, n, n+2) toy, (k= (=3, 1)). Then, we repeat (4) to (6).

(e) the five-point formulas

(1) Setting epSZIO%, where &£ depends to the step—size h, we use this value

for the check of the convergence.

(2) By the Runge-Kutta Method, we get y’, 3°, v, and 3. Then, using the

given differential equation, we have y’! (i=-2, 2) (G+#0).

(3) By (3.5.1) to (3.5.4), we correct y (i=-2 2) (i#0) toy (i=-2 2)

(i#0), till these values converge.

(4) When y, and y; (G=n, n—1, n—2,...) are decided, we write y, by
YOD, y, by DYOD, y, ., by YMKD (=1, 2,...), y,» by DYMKD (=1, 2,...), y,.,
by Y1C, and v,., by DYI1C.

(5) By the predictor (3.5), we have y,.,, which is written by Y2P. Next,

from the given differential equation, we get vy,.,, which we show by DY2P.

(6) By (3.6.3), and (3.6.4), we correct y,,, (=1, 2). Then, we have y,.,
(=1, 2) by the given differential equation. We write y,,, and y,., (k=1, 2) by
YkC1 and DYkC1 (=1, 2) respectively.

(6.1) If |YIC1—YIC|<eps and |Y2C1— Y2CP| <eps, then we make twise the
step size h. If we forward ten steps after the change of stepsize, we go to (8).

If we do not forward ten steps, then we decide y,,,. Next, we renumber y, and
yo (k=n+1n n—1,...) toy, and y, (k=n, n—1, n—2,...). Then, repeat (4) to
(6).

(6.2) Otherwise, by (3.6.3) and (3.6.4), we correct y,., (=1, 2). Then, we
have y.., (=1, 2) by the given differential equation. We write ¥,,, and y,.,
(=1, 2) by YkC2 and DYkC2 (k=1, 2) respectively.

(6.2.1) If |YIC1—YIiC2|<eps and |Y2C1—Y2C2|<eps, then we decide y,.,
Next, we renumber y, and y, (k=n+1, n, n—1,...) to y, and y; (k=n, n—1,

n—2,...). Then, repeat (4) to (6).

(6.2.2) Otherwise, by (3.6.3) and (3.6.4), we correct y,,, (k=1, 2). Then,
we have y.., (=1, 2) by the given differential equation. We write y,., and y,.,

(=1, 2) by YkC3 and DYkRC3 (k=1, 2) respectively.
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(6.2.3) If |Y1C2—Y1C3|<eps and |Y2C2—Y2C3|<eps, then we decide y,.,.
Next, we renumber y, and y;, (k=n+1, n, n—1,...) to y, and y, (k=n n—1,
n—2,...). Then, repeat (4) to (6).

(6.2.4) Otherwise, we separate the stepsize k half, if we forward ten steps
after the change of the step size. We go to (7). If we do not forward ten steps
after the change of the stepsize, we repeat till y,,, converge. Then, we decide y,.,.
Next, we renumber y, and y; (k=n+1, n, n—1,...) to y, and y, (k=n n-—1,
n—2,...). Then, repeat (4) to (6).

(7) In (6.2.4), if we need,we make half the stepsize h. We get y,., and y,_,,

by the following formula:

75 125

%27 (y+u)

= (b)) o (ot as). 4.1

1280 6400

We renum‘ber Yot Yw Yoy and g, to y, (B=1,0, —1,—2). Then, we correct
Y,—; and y,,, by (3.6.2) and (3.6.3) respectively, till these values converge. Next,
repeat (4) to (6).

(8) In (6.1), if we need, we make twice the stepsize. We renumber vy,
(k=n—4, n—2, n n+2) toy, (k=(—2, 1)). Then, we repeat (4) to (6).
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